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(ℓj ) ℓj (j = 1, · · · , n)
Uj (j = 1, · · · , n) , F = R − ∪n

j=1Uj F ℓ1, · · · , ℓn
F ∗ F F F ∗

F̂ F̂ F̂ F

∆R,∆F ,∆F̂ , R,F, F̂ ∆R
1 ,∆

F
1 ,∆

F̂
1 , , R,F, F̂

ζ ∈ ∆R, ζ ′ ∈ ∆F , ζ̃ ∈ ∆F̂ , kRζ , k
F
ζ′ , k

F̂
ζ̃

,

, R,F, F̂ ζ, ζ ′, ζ̃ , [1], [3]

, , [1,0

–5 ]

2. .

有限個の解析的 Jordan 閉曲線によって構成される 
開リーマン面のダブルのマルチン境界について

故米谷文男先生に捧ぐ

正 岡 弘 照
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Jordan ℓ1, · · · , ℓn ℓj (j = 1, · · · , n) , R

(ℓj ) ℓj (j = 1, · · · , n)
Uj (j = 1, · · · , n) , F = R − ∪n

j=1Uj F ℓ1, · · · , ℓn
F ∗ F F F ∗

F̂ F̂ F̂ F

∆R,∆F ,∆F̂ , R,F, F̂ ∆R
1 ,∆

F
1 ,∆

F̂
1 , , R,F, F̂

ζ ∈ ∆R, ζ ′ ∈ ∆F , ζ̃ ∈ ∆F̂ , kRζ , k
F
ζ′ , k

F̂
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,
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, , [1,0

–5 ]

2. .
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,

, ,

1. .

R [2, p.16-p.18] R , n

Jordan ℓ1, · · · , ℓn ℓj (j = 1, · · · , n) , R

(ℓj ) ℓj (j = 1, · · · , n)
Uj (j = 1, · · · , n) , F = R − ∪n

j=1Uj F ℓ1, · · · , ℓn
F ∗ F F F ∗

F̂ F̂ F̂ F

∆R,∆F ,∆F̂ , R,F, F̂ ∆R
1 ,∆

F
1 ,∆

F̂
1 , , R,F, F̂

ζ ∈ ∆R, ζ ′ ∈ ∆F , ζ̃ ∈ ∆F̂ , kRζ , k
F
ζ′ , k

F̂
ζ̃

,

, R,F, F̂ ζ, ζ ′, ζ̃ , [1], [3]

, , [1,0
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2.1. ξ′ F \∪n
j=1ℓj ξ′ F̂ ξ̃ R ξ

gF̂
ξ̃
, gRξ , ξ̃, ξ F̂ , R U = ∪n

j=1(Uj ∪ ℓj)

, uFξ′ = gF̂
ξ̃
− R̂F ∗

gF̂
ξ̃

, vFξ′ = gRξ − R̂U
gRξ

, R̂U
gRξ

U gRξ

, uFξ′ = vFξ′ ξ′ F

. , F , uFξ′ ≥ gFξ′ , v
F
ξ′ ≥ gFξ′

uFξ′ − gFξ′ vFξ′ − gFξ′ F

U z , lim
x→z

uFξ′(x)− gFξ′(x) = 0 lim
x→z

vFξ′(x)− gFξ′(x) = 0

, , F , uFξ′ = vFξ′ = gFξ′

2.2. ζ̃ ∆F̂ z̃0 ∈ F̂ , F z0 ,

, ∆F \ ∪n
j=1ℓj ζ ′ 1 , F ,

kFζ′ =

kF̂
ζ̃
− R̂F ∗

kF̂
ζ̃

1− R̂F ∗

kF̂
ζ̃

(z̃0)

, ∆F ∗ \ ∪n
j=1ℓj ζ ′∗ 1 , F ∗ ,

kF
∗

ζ′∗ =

kF̂
ζ̃
− R̂F

kF̂
ζ̃

1− R̂F

kF̂
ζ̃

(z̃0)

. ζ̃ ∆F̂ {ξ̃l}∞l=1(⊂ F̂ ) lim
l→∞

ξ̃l = ζ̃

, lim
l→∞

gF̂
ξ̃l

gF̂
ξ̃l
(z̃0)

= kF̂
ζ̃

F ∪ F ∗ = F̂ , F ∩ F ∗ = ∪n
j=1ℓj , ∪n

j=1ℓj F̂

, n0 ∈ N , {ξ̃l}∞l=n0
⊂ F {ξ̃l}∞l=n0

⊂ F ∗

, , n0 = 1 ,

ξ̃l (l ∈ N) F ξl (l ∈ N) ∆F ζ ′ {ξl}∞l=1 {ξlk}∞k=1

, lim
k→∞

gFξlk
gFξlk

(z0)
= kFζ′ 2.1 , F ,

kFζ′ = lim
k→∞

gF̂
ξ̃lk

− R̂F ∗

gF̂
ξ̃lk

gF̂
ξ̃lk

(z̃0)− R̂F ∗

ĝF
ξ̃lk

(z̃0)
=

kF̂
ζ̃
− R̂F ∗

kF̂
ζ̃

1− R̂F ∗

kF̂
ζ̃

(z̃0)
.

, ∆F \ ∪n
j=1ℓj ζ ′ 1 , F ,

kFζ′ =

kF̂
ζ̃
− R̂F ∗

kF̂
ζ̃

1− R̂F ∗

kF̂
ζ̃

(z̃0)

{ξ̃l}∞l=n0
⊂ F ∗ , ∆F ∗ \ ∪n

j=1ℓj

ζ ′∗ 1 , F ∗ ,

kF
∗

ζ′∗ =

kF̂
ζ̃
− R̂F

kF̂
ζ̃

1− R̂F

kF̂
ζ̃

(z̃0)

2.2′. ζ̃ ∆F̂
1 , ∆F

1 \ ∪n
j=1ℓj ζ ′ 1 , F ,
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kFζ′ =

kF̂
ζ̃
− R̂F ∗

kF̂
ζ̃

1− R̂F ∗

kF̂
ζ̃

(z̃0)

, ∆F ∗
1 \ ∪n

j=1ℓj ζ ′∗ 1 , F ∗ ,

kF
∗

ζ′∗ =

kF̂
ζ̃
− R̂F

kF̂
ζ̃

1− R̂F

kF̂
ζ̃

(z̃0)

. ζ̃ ∆F̂
1 2.2 , , ∆F \ ∪n

j=1ℓj ζ ′ 1

, F ,

kFζ′ =

kF̂
ζ̃
− R̂F ∗

kF̂
ζ̃

1− R̂F ∗

kF̂
ζ̃

(z̃0)

, ∆F ∗ \ ∪n
j=1ℓj ζ ′∗ 1 , F ∗ ,

kF
∗

ζ′∗ =

kF̂
ζ̃
− R̂F

kF̂
ζ̃

1− R̂F

kF̂
ζ̃

(z̃0)

, F u , F , u ≤ kFζ′ · · · 1⃝
1⃝ , ∪n

j=1ℓj ξ , lim
z→ξ

u(z) = 0

ũ =

{
F , u

F ∗ , 0

, ũ F̂

U = inf{s|s F̂ , F̂ , s ≥ ũ }
, U F̂ , F̂ , U ≥ ũ

c0 =
1

1− R̂
∪n
j=1ℓj

kF̂
ζ̃

(z̃0)
· · · 2⃝

,

kFζ′ = c0

(
kF̂
ζ̃
− R̂

∪n
j=1ℓj

kF̂
ζ̃

)

1⃝ , F̂ , ũ ≤ c0 kF̂
ζ̃

U , F̂ , U ≤ c0 kF̂
ζ̃

, F̂ , c , U = c kF̂
ζ̃
· · · 3⃝

U − ũ F̂ , ∪n
j=1ℓj , U − ũ = U ,

R̂
∪n
j=1ℓj

U , F̂ , U − ũ ≥ R̂
∪n
j=1ℓj

U · · · 4⃝
, ũ+ R̂

∪n
j=1ℓj

U F̂ , , , , ũ+ R̂
∪n
j=1ℓj

U F̂

, F̂ \ ∪j=1ℓj , ∪n
j=1ℓj z ,

ũ(z) + R̂
∪n
j=1ℓj

U (z) ≥
∫

∂V (z)

(
ũ+ R̂

∪n
j=1ℓj

U

)
dm,

, V (z) , dm 1

4⃝ , ∪n
j=1ℓj z ,

ũ(z) + R̂
∪n
j=1ℓj

U (z) = U(z) =

∫

∂V (z)
Udm ≥

∫

∂V (z)

(
ũ+ R̂

∪n
j=1ℓj

U

)
dm

U , F̂ ,

ũ+ R̂
∪n
j=1ℓj

U ≥ U · · · 5⃝
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4⃝ 5⃝ , F̂ , ũ+ R̂
∪n
j=1ℓj

U = U · · · 6⃝ , 2⃝, 3⃝ 6⃝
, F ,

u = ũ = U − R̂
∪n
j=1ℓj

U = ckF̂
ζ̃
− R̂

∪n
j=1ℓj

ckF̂
ζ̃

=
c

c0
c0

(
kF̂
ζ̃
− R̂

∪n
j=1ℓj

kF̂
ζ̃

)
=

c

c0
kFζ′

, ζ ′ ∆F
1

∆F ∗ \ ∪n
j=1ℓj ζ ′∗ 1 , F ∗ ,

kF
∗

ζ′∗ =

kF̂
ζ̃
− R̂F

kF̂
ζ̃

1− R̂F

kF̂
ζ̃

(z̃0)

, ,

2.3. (1) ζ ′ ∆F \∪n
j=1ℓj , ∆F̂∩F F̂∪∆F̂

( , F
F̂∪∆F̂

F F̂∪
∆F̂ ) ζ̃ 1 , F ,

kFζ′ =

kF̂
ζ̃
− R̂

∪n
j=1ℓj

kF̂
ζ̃

1− R̂
∪n
j=1ℓj

kF̂
ζ̃

(z̃0)

(2) ζ ′ ∆F ∗ \ ∪n
j=1ℓj , ∆F̂ ∩ F ∗F̂∪∆F̂

ζ̃∗ 1 ,

F ∗ ,

kF
∗

ζ′ =

kF̂
ζ̃∗

− R̂
∪n
j=1ℓj

kF̂
ζ̃∗

1− R̂
∪n
j=1ℓj

kF̂
ζ̃∗

(z̃0)

. (2) (1) , (1) {ξ′l}∞l=1 (⊂ F )

, lim
l→∞

ξ′l = ζ ′ , lim
l→∞

gFξ′l
gF
ξ′l
(z0)

= kFζ′

ξ′l F̂ ξ̃l , ∆F̂ ζ̃ {ξ̃l}∞l=1 {ξ̃lk}∞k=1

, lim
k→∞

gF̂
ξ̃lk

gF̂
ξ̃lk

(z0)
= kF̂

ζ̃
2.1 , F ,

kFζ′ = lim
k→∞

gF̂
ξ̃lk

− R̂
∪n
j=1ℓj

gF̂
ξ̃lk

gF̂
ξ̃lk

(z̃0)− R̂
∪n
j=1ℓj

gF̂
ξ̃lk

(z̃0)
=

kF̂
ζ̃
− R̂

∪n
j=1ℓj

kF̂
ζ̃

1− R̂
∪n
j=1ℓj

kF̂
ζ̃

(z̃0)

∆F̂ 1 ζ̃1 , F ,

kFζ′ =

kF̂
ζ̃1
− R̂

∪n
j=1ℓj

kF̂
ζ̃1

1− R̂
∪n
j=1ℓj

kF̂
ζ̃1

(z̃0)

c = c(z0) =
1

1− R̂
∪n
j=1ℓj

kF̂
ζ̃

(z̃0)

c1 = c1(z0) =
1

1− R̂
∪n
j=1ℓj

kF̂
ζ̃1

(z̃0)
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,

c

(
kF̂
ζ̃
− R̂

∪n
j=1ℓj

kF̂
ζ̃

)
= c1

(
kF̂
ζ̃1
− R̂

∪n
j=1ℓj

kF̂
ζ̃1

)

∪n
j=1ℓj F̂ , R̂

∪n
j=1ℓj

kF̂
ζ̃

R̂
∪n
j=1ℓj

kF̂
ζ̃1

F̂

, (cf. [1, Satz 4.6]) , ckF̂
ζ̃
= c1k

F̂
ζ̃1

kF̂
ζ̃
(z̃0) = kF̂

ζ̃1
(z̃0) = 1 , c = c1 , , kF̂

ζ̃
= kF̂

ζ̃1
,

ζ̃ = ζ̃1

2.3′. (1) ζ ′ ∆F
1 \ ∪n

j=1ℓj , ∆F̂
1 ∩ F

F̂∪∆F̂

ζ̃ 1

, F ,

kFζ′ =

kF̂
ζ̃
− R̂

∪n
j=1ℓj

kF̂
ζ̃

1− R̂
∪n
j=1ℓj

kF̂
ζ̃

(z̃0)

(2) ζ ′ ∆F ∗
1 \ ∪n

j=1ℓj , ∆F̂
1 ∩ F ∗F̂∪∆F̂

ζ̃∗ 1 ,

F ∗ ,

kF
∗

ζ′ =

kF̂
ζ̃∗

− R̂
∪n
j=1ℓj

kF̂
ζ̃∗

1− R̂
∪n
j=1ℓj

kF̂
ζ̃∗

(z̃0)

. (2) (1) , (1) 2.3 ,

ζ ′ (∈ ∆F \ ∪n
j=1ℓj) , F̂ ζ 1 , F ,

kFζ′ =

kF̂
ζ̃
− R̂

∪n
j=1ℓj

kF̂
ζ̃

1− R̂
∪n
j=1ℓj

kF̂
ζ̃

(z̃0)

ζ ′ ∈ ∆F
1

u F̂ , F̂ , u ≤ kF̂
ζ̃

, F̂ ,

u− R̂
∪n
j=1ℓj

u ≤ kF̂
ζ̃
− R̂

∪n
j=1ℓj

kF̂
ζ̃

· · · 1⃝

c0 =
1

1− R̂
∪n
j=1ℓj

kF̂ζ
(z̃0)

, F ,

kFζ′ = c0

(
kF̂
ζ̃
− R̂

∪n
j=1ℓj

kW
ζ̃

)

u− R̂
∪n
j=1ℓj

u kF̂
ζ̃
− R̂

∪n
j=1ℓj

kF̂
ζ̃

F

1⃝ , F , u − R̂
∪n
j=1ℓj

u = c

(
kF̂
ζ̃
− R̂

∪n
j=1ℓj

kF̂
ζ̃

)

, F̂ , u− R̂F ∗
u = c

(
kF̂ζ − R̂F ∗

kF̂ζ

)

, F̂ , u+ cR̂F ∗

kF̂
ζ̃

= ckF̂
ζ̃
+ R̂F ∗

u , R̂F ∗

kF̂
ζ̃

̸= kF̂
ζ̃

, R̂F ∗

kF̂
ζ̃

F̂
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6

(cf. [1, 11.2]) , F̂ , u ≤ kF̂
ζ̃

, R̂F ∗
u ≤ R̂F ∗

kF̂
ζ̃

, R̂F ∗
u F̂

, u+ cR̂F ∗

kF̂
ζ̃

= ckF̂
ζ̃
+ R̂F ∗

u , (cf. [1, Satz 4.6]) , F̂

, u = ckF̂
ζ̃

, ζ ∈ ∆F̂
1

2.4. (1) ζ ∆R , ∆F \ ∪n
j=1ℓj ζ ′ 1 , F

,

kFζ′ =
kRζ − R̂U

kRζ

1− R̂U
kRζ

(z0)

(2) ζ ∆R , ∆F ∗ \ ∪n
j=1ℓj ζ ′ 1 , F ∗ ,

kF
∗

ζ′ =
kRζ − R̂U

kRζ

1− R̂U
kRζ

(z0)

. (2) (1) , (1) {ξl}∞l=1 R

, lim
l→∞

ξl = ζ , lim
l→∞

gRξl
gRξl(z̃0)

= kRζ U R

, {ξl}∞l=1 ⊂ F , ξl (l ∈ N) F ξ′l (l ∈ N)
, ∆F \ ∪n

l=1ℓl ζ ′ {ξl}∞l=1 {ξ′lk}
∞
k=1 ,

lim
k→∞

gFξlk
gDξlk

(z0)
= kFζ′ 2.1 , F ,

kFζ′ = lim
k→∞

gRξlk
− R̂U

gRξlk

gRξlk
(z0)− R̂U

gRξlk
(z0)

=
kRζ − R̂U

kRζ

1− R̂U
kRζ

(z0)

2.4′. (1) ζ ∆R
1 , ∆F

1 \ ∪n
j=1ℓj ζ ′ 1 , F

,

kFζ′ =
kRζ − R̂U

kRζ

1− R̂U
kRζ

(z0)

(2) ζ ∆R
1 , ∆F ∗

1 \ ∪n
j=1ℓj ζ ′ 1 , F ∗ ,

kF
∗

ζ′ =
kRζ − R̂U

kRζ

1− R̂U
kRζ

(z0)

(2) (1) , (1) ζ ∈ ∆R
1 2.4

, ∆F \ ∪n
j=1ℓj ζ ′ 1 , F ,

kFζ′ =
kRζ − R̂U

kRζ

1− R̂U
kRζ

(z0)

F u , F , u ≤ kFζ′ · · · 1⃝ 1⃝
, ∪n

j=1ℓj ξ , lim
z→ξ

u(z) = 0
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ũ =

{
F , u

U , 0

, ũ R

U = inf{s|s R , R , s ≥ ũ }

, U R , R , U ≥ ũ

c0 =
1

1− R̂
∪n
j=1ℓj

kRζ
(z̃0)

· · · 2⃝

,

kFζ′ = c0

(
kRζ − R̂U

kRζ

)

1⃝ , R , ũ ≤ c0 kRζ U , R , U ≤ c0k
R
ζ

, c , R , U = ckRζ · · · 3⃝
U − ũ R , U , U − ũ = U R̂U

U , R ,

U − ũ ≥ R̂U
U · · · 4⃝ , ũ + R̂U

U R , , ,

ũ+ R̂U
U R , R \ ∪n

j=1ℓj , ∪n
j=1ℓj z

,

ũ(z) + R̂U
U (z) ≥

∫

∂V (z)

(
ũ+ R̂U

U

)
dm

, V (z) , dm 1

3⃝ , ∪n
j=1ℓj z ,

ũ(z) + R̂U
U (z) = U(z) =

∫

∂V (z)
Udm ≥

∫

∂V (z)

(
ũ+ R̂U

U

)
dm

U , R , ũ+ R̂U
U ≥ U · · · 5⃝

4⃝ 5⃝ , R , ũ + R̂U
U = U · · · 6⃝ , 2⃝, 3⃝ 6⃝

, F ,

u = ũ = U − R̂U
U = c kRζ − R̂U

ckRζ
=

c

c0
c0

(
kRζ − R̂U

kRζ

)
=

c

c0
kFζ′

2.5. (1) ζ ′ ∆F \ ∪n
j=1ℓj , ∆R ζ 1 , F

,

kFζ′ =
kRζ − R̂U

kRζ

1− R̂U
kRζ

(z̃0)

(2) ζ ′ ∆F ∗ \ ∪n
j=1ℓj , ∆R ζ 1 , F ∗ ,

kF
∗

ζ′ =
kRζ − R̂U

kRζ

1− R̂U
kRζ

(z̃0)

. (2) (1) , (1) {ξ′l}∞l=1 F ,

lim
l→∞

ξ′l = ζ ′ , lim
l→∞

gFξ′l
gF
ξ′l
(z0)

= kFζ′

∪∞
j=1ℓȷ F , ξ′l (l ∈ N) R ξl (l ∈ N)

, ∆R ζ {ξl}∞l=1 {ξlk}∞k=1 , lim
k→∞

gRξlk
gRξlk

(z0)
= kRζ

2.1 , F ,
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kFζ′ = lim
k→∞

gRξlk
− R̂U

gRξlk

gRξlk
(z0)− R̂U

gRξlk

(z0)
=

kRζ − R̂U
kRζ

1− R̂U
kRζ

(z0)

∆R ζ1 , F ,

kFζ′ =
kRζ1 − R̂U

kRζ1

1− R̂U
kRζ1

(z̃0)

c = c(z0) =
1

1− R̂U
kRζ

(z0)

c1 = c1(z0) =
1

1− R̂U
kRζ1

(z0)

,

c

(
kF̂
ζ̃
− R̂U

kF̂
ζ̃

)
= c1

(
kF̂
ζ̃1
− R̂U

kF̂
ζ̃1

)

U R , R̂U
kRζ

R̂U
kRζ1

R

, ckRζ = c1 kRζ1 kRζ (z0) = kRζ1(z0) = 1

, c = c1 , , kRζ = kRζ1 , ζ = ζ1

2.5′. (1) ζ ′ ∆F
1 \ ∪n

j=1ℓj , ∆R
1 ζ 1 , F

,

kFζ′ =
kRζ − R̂U

kRζ

1− R̂U
kRζ

(z̃0)

(2) ζ ′ ∆F ∗
1 \ ∪n

j=1ℓj , ∆R
1 ζ 1 , F ∗ ,

kF
∗

ζ′ =
kRζ − R̂U

kRζ

1− R̂U
kRζ

(z̃0)

. (2) (1) , (1) 2.5 ,

∆F \ ∪n
j=1ℓj ζ ′ , R ζ 1 , F ,

kFζ′ =
kRζ − R̂U

kRζ

1− R̂U
kRζ

(z̃0)

ζ ′ ∈ ∆F

u R , R , u ≤ kRζ , R ,

u− R̂U
u ≤ kRζ − R̂U

kRζ
· · · 1⃝

c0 =
1

1− R̂U
kRζ

(z̃0)

, F ,

kFζ′ = c0

(
kRζ − R̂U

kRζ

)

u− R̂U
u kRζ − R̂U

kRζ
, F
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1⃝ , F , u− R̂U
u = c

(
kRζ − R̂U

kRζ

)
,

R , u− R̂U
u = c

(
kRζ − R̂U

kRζ

)
, R , u+ cR̂U

kRζ
= ckRζ + R̂U

u

U R , R̂U
u R̂U

kRζ
R

, R , u = ckRζ , , R̂U
u = cR̂U

kRζ

, ζ ∈ ∆R
1

3. .

2.2, 2.3, 2.4, 2.5 ,

3.1. ∆F̂ ∼= (∆R) ∪ (∆R).

, ∼=

2.2′, 2.3′, 2.4′, 2.5′ ,

3.2. ∆F̂
1
∼= (∆R

1 ) ∪ (∆R
1 ).

, ∼=
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On Martin boundaries for doubles of open Riemann surfaces constructed by finite

analytic Jordan closed curves

(Dedicated to the late professor Fumio Maitani)

Hiroaki MASAOKA

Abstract

We consider Martin boundaries for doubles of open Riemann surfaces constructed by finite analytic

Jordan closed curves.

Keywords: double, analytic curve, Martin boundary, open Riemann surface, harmonic function

On Martin boundaries for doubles of open Riemann 
surfaces constructed by finite analytic Jordan closed curves

Dedicated to the late professor Fumio Maitani

Hiroaki MASAOKA

Abstract

正岡　弘照160

京都産業大学論集 自然科学系列 第 48 号 令和 3 年 3 月


