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Abstract

We prove that the sum of multiple zeta-star values over all indices inserted two 2’s into the
string 3, 1,. .., 3, 1 is evaluated to a rational multiple of powers of 7%. We also establish certain
conjectures on evaluations of multiple zeta-star values observed by numerical experiments.

Keywords: multiple zeta-star values, evaluation, double shuffle algebra, non-commutative
polynomial algebra, Bowman-Bradley theorem

1. Introduction/Main theorem

We discuss some explicit evaluations of multiple zeta values (MZV’s for short) and multiple
zeta-star values (MZSV’s for short), which are defined, for positive integers ki, ks, . . ., k, with
ki > 2, by the convergent series

(ko k)= Y

my>my>->my

and

1
Chkn k)= Y

1
my=2my>-->my>1 ml m2 ny

respectively. The number k| + ky + - - - + k, is called weight. When n = 1, MZV’s and MZSV’s
coincide and are known as the special values of the Riemann zeta function at positive integers.

Special values of the Riemann zeta function have been investigated since Euler. Several
results are found for example in [3, 7, 16, 24]. For MZV’s, the following evaluation was proved
by many authors [5, 8, 21, 22, ...]: for m > 0, we have

2m

4’(2,...,2)2 m

m
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Zagier conjectured the formula

27'[4"

g(3,1,...,3,1)=m

2n
for n > 0 in [22], which was solved in [4] by using certain property of the iterated integral
shuffle product rule. Kontsevich and Zagier gave another proof of the formula in connection
with the Gauss hypergeometric function ([12]). In [6, 14], the following more general identity
(Bowman-Bradley theorem) is proved: for any non-negative integers n and m with n + m > 0,
we have

S 3 2P L3 2 L 2P
Jotjit+jou=m
JosJ1seesJ2n20

_ (m+ 2n) 7T2m+4n (1)

m |Cn+1DRm+4n+1)!°

where {2}/ stands for the j-tuple of 2. More precise conjecture is introduced in [4, Conjecture
1].

While the special evaluations are well studied in the MZV’s case, there are less observations
on special evaluations of MZSV’s. For m > 0, the property

*2,...,2) Q- 1™
N———

is proved for example in [1, 8, 21, 23]. In [13], formulas

*G3,1,...,3, ) eQ-a*
N———
2n
for n > 0 and
DT a3 2 1L 2 e @t

Jotji+tjm=1
J0sJ 155 j2n 20

for n > 0 are proved.
In the present paper, we prove the following result.

Theorem 1.1. For any non-negative integer n, we have

Z é’*({Z}jo, 3, {2}11 ,1,...,3, {2}]'2»171’ 1, {2}j2r1) €Q- 7T4"+4.
Jotjitet jon=2
JosJ 1505 j2n =0

In section 2, we state a bit more general formula, which yields Theorem 1.1. In section 3, we
prove our main theorem (Theorem 1.1). In section 4 we give more precise conjectures on some

special evaluations of MZSV’s, which are observed by numerical experiments. We give some
remarks on our conjectures in section 5.
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2. Key identities

To prove our main theorem, we describe some key identities here. It is suitable for stating
our key identities to use the algebraic setup of MZV’s and MZSV’s introduced by Hoffman [9]
as follows.

Let the symbol $ be the noncommutative polynomial algebra in two indeterminates x and
y, and ', $ its subalgebras:

H:=Qx,y) D H :=Q+Hy > H 1= Q+ xHy.

The degree of a word is called its weight. We put z; = x/~!y for [ > 1. The algebra $' is the
noncommutative polynomial algebra over Q freely generated by {z;, 22, z3, . . .}. We define two
Q-linear maps Z, Z : $° — R respectively by

Z(Zp, 2y " 2hy) = Lk ko, o k), Z(1) =1,
and
Z(zn - o,) = kakas k), Z(D) = 1,

which are usually called the evaluation maps. The weight of a word is that of the corresponding
MZV or MZSV.

It is well known that any MZSV can be expressed as a Q-linear combination of MZV’s and
vice versa. For example, we have

Fld)= Y

nkimkz
n>m>1
1 1
i Zo ke Zl T = Sk + Lk + ko). @)
n>m> n=m>

Let y be the automorphism on $ characterized by
Y0 =x y() = x+y.
We define the Q-linear map d : $' — $' by
d(wy) = y(w)y

for any word w € $. Then the linear transformation between MZV’s and MZSV’s is expressed
as

Z=Zod.

Let +: §' x ! — ' be the Q-bilinear map defined, for any words w,w’ € $' and any
positive integers &, k>, by

lsw=wxl=w
and the recursive rule

W * ZgW = 2 W # 2, W) + Zh, (2 W W) + 2o, (W 5 W), 3)
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It is known that the product * is commutative and associative ([9]). The product = is called the
harmonic product on $'. We find that $° + $° ¢ $° and the map Z is a homomorphism with
respect to the harmonic product.

As is defined in [14], we introduce another Q-bilinear map m : ' x H! — H' by

lmw=wml=w
and
W I 2, W' = 2 (W T 2, W) + 24, (25, W T W) )

for any words w,w’ € 9! and any positive integers ki, ko. We see that the product 1 is commu-
tative and associative. However, we notice that each of the evaluation maps Z and 7 can not be
a homomorphism with respect to the product 1.

Under these notations, we have the following formulas.

Theorem 2.1. Let a, b, ¢ be positive integers. For any integer n > 0, we have
(@) d(z; T (242)")

=2 ) Az T @a2)) * Aarmpre + ) (@ T (a2)) * A,

Jj+k=n Jj+k=n
-4 Z d((zazp)") * Zarb) jrel(arbyhre = Z d((zazb)’) * Z(a+byks2cs
i+j+k=n j+k=n

(Bn) d(z} T 2p(zaz6)")
=2 > dze T 2@a2)) * Larbkre + ), (@ T 2p(2az)) # A2,

J+k=n J+k=n
—4 Y d@(@az)) * Zarredaibie = | d@b(Ea2)) * Zarbieze:
i+j+k=n Jj+k=n

Theorem 2.1 is the core property to prove our main theorem (Theorem 1.1). The proofs of
theorems are presented in the next section.

3. Proofs

First we prove Theorem 1.1 by assuming Theorem 2.1, the proof of which is given next.
Proof of Theorem 1.1. By puttinga = 3,b = 1 and ¢ = 2 into (a@,) of Theorem 2.1, we have

(B W (32)") =2 ) d(o T (@) + 2 + ) (@ (a)) «d(h)

J+k=n Jj+k=n (5)
-4 Z d((z321)") * Zajs22ak42 — Z d((z321)7) * Zagso.
i+ j+k=n Jj+k=n

By the harmonic product rule (3), the third term of the right-hand side of (5) can be written as

-2 Z d((z321)") * (Zaja2 * Zake2 — Zaj+ak+4)
i+j+k=n
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Evaluating (5) via the map Z, we obtain

Z é’ (2 }Jo 3, {2 }Jl’1,__.,3,{2}1‘2,171’1,{2}1'2")

JoFji+tjoan=2
JosJ 155 j2n 20

=2 Z > g (20,3, 20, 1, 3,212 1, (21) ¢ (4n - 4i +2)

i=0 jotji+-+ 2=

Josjis- /o,>0
+ Z Z {({z}jo’ 3, {2}j1 J1,...,3, {2}]‘2,'71 .1, {2},]'2,‘)4»*({4}11—1‘) 6)
RSy
~2 3 U3 ) + DLk +2) — 4] + 4K+ 4))
i+ j+k=n

- > W@k +2),

Jjtk=n

where {3, 1} stands for the string 3, 1,...,3,1 and MZ(S)V of the empty index is regarded as
———

21
1. We know {(2n) € Q - 2, {4 eQ- 7™ the formula (1) for m = 2 and

DL W3R L3, 2 L2 e Qe
Jo+jit+ jou=m
J0sJ1seesj2n 20

form =0,1 (see [1, 6, 8, 13, 23] for example). Therefore the right-hand side of (6) is expressed

An+4

as a rational multiple of 7*"** and we conclude the theorem. O

Next we prove Theorem 2.1. For integers a, b, ¢ > 0 and i, j, k > 0, we put

Aij = (2azb) 2e(za)

Bi; = (2p20)'2e(2p2a) 20,
Cijk = 2a2)'2e(2a26) 2e(2a)",
Dijx = (2az)'2e(zazb) 2aze(2p20) 20
Eijx = (20)'7e(2p20) 22 (zaz)"s

A A )
Fijx = (2p2a)'2e(2p20) 2e(2b2a) 2b5
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where z; = x'~'y (I > 0). By the definition of the product 1, we obtain the following identities:

W (22)" = ) Aij+ ), Biy
i+j=n i+j=n-1
Ze T 2p(2a2p)" = Z A+ Z Bij,
i+j=n i+j=n
2 —_—
2, I (22p)" = Z Ciji+ Z D; jx
i+ j+k=n i+ j+k=n—1
@)
+ Z ZaEi ji + Z ZaFijks
i+ j+k=n—1 i+ j+k=n—1
2 —_—
7o I 25(Za2p)" = Z 2Cijk + Z 2D jk
i+j+k=n i+j+k=n—1
+ Z Eiji+ Z Fijk
i+ jrk=n i+ jrk=n

forn > 0.

Proof of Theorem 2.1. The proof goes by induction on n such as (@), (Bo) = (a1) = (B)) =
() = ---. We find that the identities (@) and (8y) hold by simple calculation. Assuming that
it has been proved up to (8,-1), we prove (a,). The key identity is

d(Zkl e Zk,,) = Z Zk1+~-+kid(zk”1 ‘e an)5 (8)
i=1

where zj,,, - - -z, = 1 if i = n. Using this key identity, we obtain

DA€

i+j+k=n

i i1
= Z ZZ(a+b)hd(Ci—h,j,k)+ Z ZZ(a+b)h+ad(ZbCi—h—l,j,k)

i+ j+k=n h=1 i+j+k=n h=0

J Jj-1

Z Zarby(hriy+cd(A j_p i) + Z Z Zarb)(h+i)+c+ad(ZpA j—p-1)
i+j+k=n h=0 i+j+k=n h=0
k k—1
d k=h o d k—h-1
Z(a+b)(h+i+j)+2c ((Zazh) ) + La+b)(h+i+j)+2c+a (Zh(zazh) )

i+j+k=n h=0 i+j+k=n h=0

Z Z(a+byh1YA(Ci jx) + Z Z(a+rbyh+ad(ZpCi j)

h+i+ j+k=n—1 h+i+ j+k=n—1

+ Z Zarb)h+iy+cd(A i) + Z Zarb)h+iy+arcd(ZpA 1)

h+i+ j+k=n h+i+ j+k=n—1

+ Z Larbyhris pr2cd((Zazp)F) + Z Larb)hris prar2cd(@p(Zazn)")

h+i+ j+k=n h+i+j+k=n—1

Z Za+byn+1)A(Ci i) + Z Za+byhad(ZpCi k)

h+i+ j+k=n—1 h+i+ j+k=n—1

D+ Damieed@) + D+ Daasivascd(@A )

i+ j+k=n i+j+k=n—1
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+2 i +2
+§:«2)%mmﬂ@mﬁn-EICZ)MMMMMQ%%M

J+k=n J+k=n-1

In the same way, we find

Z d(D; jx)

i+j+k=n—1

= Z Za+b)n+ 1A (Di j) + Z Za+byhrad(ZpDi i)

h+i+j+k=n-2 h+i+ j+k=n—-2
+ Z (l + l)Z(a+b)i+cd(ZaBj,k) + Z (l + 1)Z(a+b)i+a+cd(Bj,k)
i+ j+k=n—1 i+j+k=n-1
j+1 j+2
-+2;( ) %w@ﬁ%ﬂ@ﬂwh+ }; (2 Zarb) jras2ed(2p(2az));
Jj+k=n Jj+k=n-1
Z d(zaE; jx)
i+ j+k=n—1
= Z Z(a+b)(h+1)d(ZaEi,j,k) + Z Z(a+b)h+ad(Ei,j,k)
h+i+ j+k=n—-2 hti+ j+k=n—1
+ D Bamied A+ Y+ Dawnisared(@A )
i+j+k=n i+ j+k=n—1
j+1 j+1
+ Z Z(a+b)j+zcd((zazb)k) + Z Z(a+b)j+a+2cd(zb(zazb)k)
A 2 , 2
J+k=n J+k=n-1

and

Z d(zaFijx)

i+j+k=n-1

= Z ZLarb)h+ YA Fi ji) + Z Zarbyh+ad(Fi jx)

h+i+ j+k=n—2 h+i+ j+k=n—1
+ Z iZa+byired(ZaB k) + Z @+ Dearbivard(Bja)

i+ j+k=n—1 i+j+k=n—1

+1 j+2
+ Z (] 2 )Z(a+b)j+2cd((ZaZb)k)+ Z (J 2 )Z(a+b)j+a+2cd(zb(Zazb)k),

J+k=n Jtk=n-1

These four identities add up to the left-hand side of («,) because of (7). Therefore, again using

(7), we obtain

(LHS of (@) = ) Zarbyjend(@ T (2a26)")

J+k=n—1

2~ k
+ Z Z(a+b) j+ad(z; T 25(202p)")
J+k=n—1

Q@+ Dearnyjeed(ze T (2az)")

J+k=n

QI+ Deanyrared(ze T 2(za2))

Jj+k=n—-1

©))

(10)

(11

(12)
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2ji+2
+ Z ( ]2 )Z(a+b)j+2cd((ZaZb)k) (13)
J+k=n
2j+3
+ ,~+;_1( ]2 )Z(a+h)j+a+20d(zb(Zazb)k)~ (14

Hence, it is sufficient to show that the right-hand side of the above identity equals the right-hand
side of (a;).
First we have
D dA)
Jjtk=n
j-1

= Z Zle(a+b)id(Aj—i,k)+ Z ZZ(a+b)i+ad(ZbAj—i—l,k)

Jt+k=n i=1 Jj+k=n i=0
k=1

k
+ Z ZZ(a+b)(i+j)+cd((zazb)k_] ) + Z ZZ(a+b)(i+j)+a+cd(zb(Zazb)k_l_1)

jrk=n i=0 Jjtk=n i=0

= Z Zasb)i+Hd(A i) + Z Za+b)i+ad(ZpA i)

i+j+k=n—1 i+j+k=n—1

k k
+ Z Zarby(i+ j+ed((Zazp)") + Z Z(a+b)(i+ j+at+ed(@(Zazp)")

i+j+k=n i+ j+k=n—1
= Z Zarbyir HAA 1) + Z Zarbyivad(ZpA i)
i+ j+k=n-1 i+ j+k=n—1
+ i+ Daaanined(@z)) + D, i+ Darsyisared(@(zazs)).
i+j=n i+j=n—1
In the same way, we have
D, d@Bj)
Jjtk=n-1
= Z Za+b) i+ A ZaBjx) + Z Zarbyivad(Bjk)
i+ j+k=n-2 i+ j+k=n—1
+ 3 amined(@z)) + Y G+ Daasmisared @2z,
i+j=n i+j=n—1

Using the above two identities and (7), we obtain

d(ze 1 (zazp)")

= D dA+ Y dB

Jj+k=n Jj+k=n—1
= Z Zarbyis1yd(ze T (2a2p))) + Z Zarbyirad(Ze T 2p(2a2p))
i+j=n—1 i+j=n—1
+ Z Qi + Dzepyised((zazp)’) + Z 2i + 2)Z(arpyirarcd(@p(zazp)’)
i+j=n i+j=n—1

for n > 0. By this identity and the harmonic product rule (3), we write the first term of the
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right-hand side of («,,) (divided by the coefficient 2) as

Z d(ze T (2425)’) * Zarbyk+e

Jjt+k=n

= Z Z(a+b)(i+1){d(ZcITI(ZaZb)j)*Z(a+b)k+c} (15)
i+j+k=n—1
G Daasnyned e T (2a20)") (16)
J+k=n
b Zarbiva (e T 25(GazY) * aripisc) (17)
i+ j+k=n—1
Y G Daasnjrared e T 25(za26)) (18)
J+k=n—1
T Qi Dearpyive [d(@a2)) * Zarbierc) (19)
i+ j+k=n
+ G+ D22 jred(zaz)) (20)
Jt+k=n
+ Z (2i + 2)z(@rbyivate {d(Zb(ZaZb)j)*Z(a+b)k+c} 2D
i+j+k=n—1
Y G DG + D2ty praraed@(zazn)). (22)
J+k=n-1

Note that the key identity (8) shows

A= Y ZasninndE,,) (23)
i+k=I-1
and
@) = ) wanisad@@)) + D 2asniend(@azs)) (24)
i+j=i-1 i+j=l-1

for [ > 1. By using the m-product rule (4) and the identity (23), the second term of the right-
hand side of (a,) is calculated as

Z (22 T (za20)’) * d(2L,,) 2

Jjtk=n

2 2 = j k 2 =
= 2 xd(@) + Y (@ (@) * dGh,,) + 22 T (202"
J+k=n
Jik>1

2
= Z 2o * Zar)(j+1)d (2l
Jj+k=n—1

o k 2 =~ k—1
+ E {2e(ze T (2a2)") + 2422 T 20(2020) ™)} * 2@ d(zL, ;)
i+j+k=n—1
k>1

+ 2e(ze T (2425)") (26)

+ 24(22 T 2(2a2p)" ). (27)
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Expanding the first and the second terms of the right-hand side by the harmonic product rule

(3), we have

2 k
D Zaniirnd(Eay)
jrk=n—1

=Zc (Zc * d(ZZJrh))
+ Z Larb)(j+1) {z? * d(Z§+b)}

Jt+k=n—1
) d*
+ arb)(j+ e {Ze * d(Zgyp)
Jtk=n-1

and

= k 2 = k=1 j
Z {2eze T (za2)) + 2a(@ T 262020} * 2asnyiond(), )

i+j+k=n-1
k>1

2 = k j
= D i @ T Gazp)) xd(,,))
i+j+k=n—1
k=1

) ae |G ) # ()
it

+ Z Z(a+b)(i+1)+e {(Zcfﬁ(ZaZb)k)*d(Zéer)}
i+j+k=n—1
k1

2~ -1 k
+ :E: 2 {(@ T 2z ™) x d(E,)
Jjtk=n
k=1

2~ k-1 '
+ E Z(atb)(i+1)+a {(ZC oI 7(242)"° ) * d(Zbe)} .
i+j+k=n-1
k=1

We see that identities

QN+BD = > zawnin (@ T @)+ dGE ),

i+ j+k=n—1

26)+(28)+ (B2 = > zo{(ze T (azp)) * d(2L, ),
j+k=n

QD+BH = > 2@ T i) «diEL.,)),

Jj+k=n—1
(30) + (33) = ; s (e T (zazp)) * dEL, ),

i+ j+k=n—
(35) = ; i [ T 2p(zazp)) * d(EE )

i+ j+k=n—

i1
hold. Therefore we have

(25) = Z Z(a+b)(i+1) {(Zg T (z42p)) * d(Z];er)}

i+j+k=n—1

(28)
(29)

(30)

€1V

(32)

(33)

(34)

(35)

(36)
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O Zarbive |z T 2az)) + ()] (37)
i+j+k=n
D Zaiva [@ T 2(zaz)) + dCEL ) (38)
i+j+k=n-1

By (24) and the harmonic product rule (3), the third term of the right-hand side of («,)
(divided by the coefficient —4) is calculated as
Z d((2azp)") * Zasb)jrcZarbyire (39)
i+ j+k=n
= Z Z(a+b)j+cZ(a+byk+e Z d((2a2p)) * Zarb)jrcZarbire
J+k=n i+j+k=n

i>1

= Z Z(a+b) j+cZ(a+b)k+c
Jjtk=n

+ Z Za+byhrad(@p(2aZp)") * Zar) jrel(arbykre
h+i+ j+k=n—1

+ Z by NA(ZaZp)") * Zasb) jcZa+byk+e
h+i+ j+k=n—1

= Z Z(a+b) j+cZ(atb)k+e (40)

Jtk=n

+ Z {2arinea (Ao (2a6)) * 2tarn)jecZasbio)
h+i+ j+k=n—1

+ Z(a+b)jre (Z(a+b)h+cd(zb(zazb)i) * Z(a+b)k+c) 41)
+ Z(atb)(h+ jra+e (d(Zb(ZaZb)i) * Z(a+b)k+c) (42)

+ Zarb)(h+1) (d((ZaZb)') * Z(a+b)j+cZ(a+b>k+c)

+ Z(a+b) j+c (Z(a+b)(h+l)d((zazb)i) * Z(a+b)k+c) (43)
+ Z(arb)(h+ j+ Dte (d((ZaZb)i) * Z(a+b)k+c)}- (44)
By (24),
41+ 43) = Z Zarbyire(d((2a2p)) * Z(arbypre)-
i+§;’§=n

Also we have
@)= > iZarbyive(@(@a)) * Zashse)-
i+j+k=n
Hence we find
40+ @ED+E3)+ 44 = Z (i + Dzrpyisetd(@azn)) * Zarppksc)-
i+j+k=n
Since

42) = Z (i + Dzgasbyivareld(@p(zazn)’) * Zarbyre)s

i+ j+k=n—1
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we have

(39) = Z Z(u+b)(h+l){d((zazb)i)*Z(a+b)j+cz(u+b)k+c} (45)
h+i+ j+k=n—1
Y Zarvina [d@6(Ea2)) * ZarbyjreZasbisc) (46)
h+i+ j+k=n—1
+ 0 G Dasnise {[d((zazn)) * Zasbire) @7
i+j+k=n
D+ Deabivare {d@6Ea2)) * Zarbec) (48)
i+j+k=n-1

By (24) and the harmonic product rule (3), the fourth term of the right-hand side of («,,)
(divided by the coefficient —1) is calculated as

D d(@az)) * ke (49)
Jj+k=n

= Z(a+bns2e T Z d((zazp)’) * Ziarbyk+2e
J+k=n
j>1

= Z(a+bn+2e + Z Za+b)i+ad(@(Zazp)’) * Larbyks2c

i+ j+k=n—1
+ Z Za+b)(i+1)A((ZaZb)’) * Zarbyes2c
i+j+k=n-1
= Z(a+byn+2c (50)
+ Z {Z(a+b)i+a (d(Zh(ZaZh)j ) * Z<a+b)k+zc)
i+j+k=n-1
+ Zarbyks2eZarhyivad(@6(Zazp)’) (5D
+ Z(a+b)(irh)+ar2cd(26(2a2p)’) (52)

+ Z(a+b)(i+1) (d((ZaZb)j ) * Z(a+b)k+2c)

+ Zarbh2eZarbyirnA(Zazp)) (53)
+ Zasbyirks 1 +20d((Zazp) )}- (54
By (24),
D +(53) = > Zammracd(zaz)).
Jj+k=n
21

Also we have

(54 = > Kampered(zaz)).
Jjt+k=n
Hence we find

(50)+ (5D +(53) + (59 = Y (j+ Dewrnjacd(zaz)").

Jj+k=n
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Since
(52)= > G+ Dawenjras2ed(@zaz)),
Jj+k=n-1
we have
@)= > Zashin {d@az)) * Zarpreac) (55)
i+j+k=n—1
+ Z Za+b)i+a {d(Zb(ZaZb)j)*Z(a+b)k+25} (56)
i+j+k=n—1
+ G+ Daasnyjsacd(@az)) (57)
Jj+k=n
G+ Deamyjraraed(@(zazn)). (58)
Jj+k=n—1

The following identity is shown by [13, Theorem 7 (5)] (where the map d is denoted by S)
and (7):

d(ze T (2a2)") =2 ) d(@azp)) * Zarire = ), (20 T @azp)) #d@E,)  (59)
Jt+k=n Jjt+k=n

for n > 0. By induction hypothesis and (59), we have

(9) =2x(15) + (36) -4 x (45) = (55) (by (o), ..., (@n-1)),
(10) =2 x(17) + (38) — 4 x (46) — (56) (by (Bo), ..., (Br-1)),
(11) =2x(16) +2x(19) + (37) —4 x (47) (by (5§9)).
Also we immediately find that
(12) =2 x (18),
(13) =2x(20) - (57),
(14) = 2 x(22) — (59),
0=2x(21)—-4x(48).
We have already observed that the left (resp. right)-hand sides of these seven equations add up
to the left (resp. right)-hand side of the identity (a,). Therefore we prove (a,). In the same

way, (8,) can be proved by using the induction hypothesis and (a,) for n. This completes the
proof of Theorem 2.1. o

4. Conjectures

We predict more general formulas when we search relations among MZV’s and MZSV’s
based on numerical experiments. For non-negative integers jo, .. ., jon, put

3os s s jon) 7= CFA2P, 3,200, 1,202, .3, {2, 1, (21,
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We write two operators as
(j()’ jl’ R jn)+ = (jO’ jls cee ’jn—l’jns 0),
(Jjos J1s -5 Jn)" = (s Jis -+ s Jumts Ju + 1)

Let us denote by S, the symmetric group of degree n. For a vector S = (jo,...,j,) and

o € G,41, we define
oS = (jg(o), ey j(r(n))-

Conjecture 4.1. Let n be a positive integer, jo, ..., ji—1 non-negative integers. Put m = jo +
<o+ + jou1. For avector S = (jo, ..., jan-1), we have

> Bws)) € Q-

€S,
Example 4.2. For the vector S = (0, 0), Conjecture 4.1 reads
*3,Heq-
which is shown in many ways. For the vector S = (1, 0), Conjecture 4.1 reads
FQRADFIGEQ 1,
which is verified in section 5. For the vector S = (1,0, 0, 0), Conjecture 4.1 reads
Q33D+ G213 )+ (1,231 + (3. 1,3,2,1) €Q - 1.

Conjecture 4.3. Let n, jo, ..., jo, be non-negative integers. Putm = jo+-- -+ jo,. For a vector
S = (jos-- - jan), we have

Z 3((0’5‘)*—) é Q . 7T2m+4n+2.

€41
Example 4.4. For the vector S = (0), Conjecture 4.3 reads
Q) eQ-
which is well known. For the vector § = (0, 0, 0), Conjecture 4.3 reads
? 6
*(3,1,2) € Q- n°,
which is verified in section 5. For the vector S = (1, 0, 0), Conjecture 4.3 reads
) )
72,3,1,2) +2*(3,2,1,2) + £*(3,1,2,2) € Q - n°.
We expect that these conjectures are primitive, i.e., partial sums of the left-hand side of our

conjectures cannot be rational multiples of powers of 2. Conjecture 4.1 reduces to £*({3, 1}") €
Q- 2% if m = 0, and Conjecture 4.3 to £*({2}) € Q - n*™ if n = 0. Both have been already
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proved (for example, see [13, 23]).

Moreover, we experimentally verify the following formulas in some cases. The formulas
can be proved algebraically for lower weights by using known relations such as extended double
shuffle relation ([10]). Some are discussed in the next section. But in general, we have not
proved them yet.

Conjecture 4.5. A) For any integers n,m > 0, we have

223,020, D+ 223,20 D) 2 A2y 2y,
B) For any integer n > 0, we have
@n+ D312 = Y 23, D21,
J+k=n
C) For any integer n > 1, we have
DI (P RN I BN I VN S o (R VIR (P R

Joji+tjon1=1 Jjrk=n-1
J0sJ1seesjan-120

5. Remarks

Instead of the assertion A) of Conjecture 4.5, we prove the following weaker identity:

Proposition 5.1. For any non-negative integer n, we have

2 Z (*({2}573,{2}j, 1= Z (*({2}i+1)§*({2}j+1).

i+j=n i+j=n

Proof. Using the cyclic sum formula ([15]) for the index (3,2,...,2), we have
N—

n-2

Z (2 L)+ 21" = 2n = 1)¢2n)

i+j=n-2

for n > 1. We also find

242y = 2(1 = 2172 (2n)

(see [2, 23]). Because of the Euler’s formula (2n) = (=1)"*! B 22(%),2 (where B; denotes the j-th

Bernoulli number), it is enough to show

1-2i 91-2j ByiB)j
(- (2 )‘ Z(l 2 j)(2)‘(21)‘

This equality holds since the generating function of the left-hand side coincides with that of the
right-hand side, that is,

0 . 2
B,, t d t _ t t/2 2_ L= B
;(1_n)n!tl_e’—l tdt(e’—l)_(et—l 2e’/z—l) _[Z(l 2 )n!tn] '

n=0

i+j=n
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Lastly, we give a verification of A) and B) of Conjecture 4.5 in the first non-trivial case (in
the case of m = n = 1) by using the extended double shuffle relation proved in [10].

The extended double shuffle relation states as follows (see [10] for details). Let 1 : $XH —
9 be the Q-bilinear map defined, for any words w,w’ € $ and u, v € {x, y}, by

lmw=wml=w
and
uw m vw' = u(w m vw’) + v(uw m w').

The product m is commutative and associative on $, which is called the shuffle product. We
immediately find that $' m ' ¢ $' and $° mr $° ¢ $° hold. We denote by H!, (resp. ) the
commutative algebra $! (resp. $°) equipped with the shuffle product. It is known that

Ot = Syl

holds (see [17, Theorem 6.1]), which means that any w € SﬁLlu can be expressed as

W=wo+w my+wymy"t 4w, my™ (wp,...,w, € 90),
where y/ = ym --- my. We denote its constant term wy by reg,, (w). Then the extended
~———

i
double shuffle relation states as follows.
Theorem 5.2 (Ihara-Kaneko-Zagier). For any w; € S and any wy € 90 we have

Z(reg, (w m wo — wy * wp)) = 0.

By using Risa/Asir, an open source general computer algebra system, we found the following
two identities (of weight 6):
d(222321) + d(z32221) — d(2222) * d(22)
= —reg,, (xy * yx’y — xy m yx’y) - reg,, (y * x’y — %y w x%y)
—reg,, (¥y * xy* — X’y m xy?) + dreg,, (Fy ) - Xy m y?)
+ 2reg,, (x'y * y — x'y m y) — Sreg,, (2'y* x y — x'y* m y)
+ 2reg,, (xX’yxy * y = ¥yxy m y) + Sreg,, (xyx’y * y — xyx’y m y)

and

3d(z32122) — d(z3z1) * d(22) — d(222222)

= —reg, (x%y * xy? — X%y m xy?) + reg (xy? % xy — x°y* m xy)
+ 2regm(x3y #y? — Xy m y?) + regm(x4y wy—xtymy)
+ 2reg,, (X' * y — x°)7 m y) + 2reg,, (x*yxy * y — X’ yxy m y)
+ 2reg, (xyx%y * y — xyx°y m y).
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Since the weight is relatively small, these formulas are verified by calculating patiently. Ap-
plying the evaluation map Z to these identities, we conclude A) and B) of Conjecture 4.5 when
m = n = 1, which also give a verification of the second formulas stated in Example 4.2 and 4.4.

6. Recent progress and remaining conjectures

Here we remark on recent developments related to our problems on evaluating MZSV’s.
First, Theorem 1.1 has been generalized as follows. For any positive integers n, m, the sum of
MZSV’s whose indices are obtained by inserting the m number 2’s into the sequence {3, 1}" is
in Q . 7T4n+2m;

Z 20, 3,200 1, 3, 20 1L, {(2V) € Q - At
Jo+ji+et jop=m
JosJ1seeerjan=0

Three different proofs of this formula are obtained in [11, 18, 20]. (More combinatorial proof
is given in [11], algebraically generalized one in [18] and a proof using generating functions in
(201.)

Second, Conjecture 4.5 A) is recently proved in Tasaka and Yamamoto [19]. They also
generalize it which contributes solving “half” of Conjectures 4.1 and 4.3. Let (A4,), (B,) be
assertions described in Conjectures 4.1, 4.3, respectively. Tasaka and Yamamoto [19, Theorem
1.4] show that,

if (A7), (B)) (I < n) are true, then (A,) is also true.
To prove Conjecture 4.1 and 4.3, we need to show another half, that is,
if (A) (I £n), (B)) (I <n) are true, then (B,) is also true.

Although this is still a conjecture, we recently find an explicit formula supporting our expecta-
tion.

2n+1

o > we have

Conjecture 6.1. For a vector S = (jo,..., jon) €Z

n

DD @t 1=4D 3o - Joer-1)3 W ons - > jrom) )

1=0 0€Gy41

2@n+ 1300+ + jou+ 21+ 1)

Combining this conjecture with [19, Theorem 1.4], we conclude the pending Conjectures
4.1 and 4.3.

Lastly, Conjecture 6.1 does not refer to Conjecture 4.5 B). Our remaining problems are
Conjecture 4.5 B), C) and Conjecture 6.1.
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